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COMPLEX NUMBERS & QUADRATIC EQUATIONS

Some Important Results
1. Solution of x*> + 1 = 0 with the property i? = -1 is called the imaginary unit.

. Square root of a negative real number is called an imaginary number.

2

3. If a and b are positive real numbers, thenv—a xv—b =-vab
4. If a is a positive real number, then we have v—a = iva.
5

. Powers of i

=T

6. If n>4, then i" = lin = %where k is the reminder when n is divided by 4.

7. We have i°=1.

8. A number in the form a + ib, where a and b are real numbers, is said to be a complex number.

9. In complex number z =a + ib, a is the real part, denoted by Re z and b is the imaginary part
denoted by Im z of the complex numberz.

10.v/—1 =i is called iota, which is @a complex number.

11.The modulus of a complex number z = a + ib denoted by |z| is defined to be a non-
2 2
negative real numberVa +b%, i.e. |z|=+a’ b.

12.For any non-zero complex number z = a + ib (a # 0, b # 0), there exists a complex

(-b

a . 1 T . .
number = =t 2)2 + denoted by —or 21, called the multiplicative inverse of z such that

+
a’ +b? a’ +b?

(a+ib)><[ a0 J=1+10=1_

13.Conjugate of a complex number z = a + ib, denoted as z, is the complex number a - ib.

14.The number z = r(cos O +isin 0) is the polar form of the complex number z = a + ib.

Here r= va’ +b* is called the modulusof z @ = tan™ [9] and is called the argument or
a

amplitude of z, which is denoted by arg z.
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15.The value of 8 such that —rt < 8 < mt called principal argument of z.
16.The Eulerian form of z is z = re®, wheree = cos +isin®

17.The plane having a complex number assigned to each of its points is called the Complex

plane orArgand plane.

18.Let ap,a1,a2,...be real numbers and x is a real variable. Then, the real polynomial of a real
variable with real coefficients is given as

f(x) = ao + a1x + azx? + .... anX"

19.Let ag,a1,a2,...be complex numbers and x is a complex variable. Then, the real polynomial of

a complex variable with complex coefficients is given as
f(x) = a0+ arx + axx* + ... anx"

20.A polynomial f(x) = ap + a1x + axx* + .... anX" is a polynomial of degree n.
21.Polynomial of second degree is called a quadratic polynomial.

22.Polynomials of degree 3 and 4 are known as cubic and biquadratic polynomials.
23.1f f(x) is a polynomial, then f(x) = 0.is called a polynomial equation.

24.1f f(x) is a qua

25.dratic polynomial, then f(x) = 0 is called a quadratic equation.

)
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26.The general form of a quadratic equation is ax? + bx +c =0, a # 0.
27.The values of the variable satisfying a given equation are called its roots.
28.A quadratic equation cannot have more than two roots.

29.Fundamental Theorem of Algebra states that ‘A polynomial equation of degree n has n

roots.’

Top Concepts

1. Addition of two complex numbers: If z: = a +ib and z; = ¢ + id be any two complex

numbers, then the sum
z1+z2=(a+c)+i(b+d).
2. Sum of two complex numbers is also a complex number. This is known as the closure
property.
3. The addition of complex numbers satisfy the following properties:
i. Addition of complex numbers satisfies the commutative law. For any two complex

numbers z1 andzy, z1 + 22 = 22 + 71.

i. Addition of complex numbers satisfies associative law for any three complex
numbers z1, 22, 73,(z1 + 22) + 23 = 21 + (22 + 23).

iii. There exists a complex number 0 +i0 or O, called the additive identity or the zero
complex number,such that for every complex number z,
z+0=0+z=1z.

iv. To every complex number z = a + ib, there exists another complex number —z =—a +

i(-b) calledthe additive inverse of z.
z+(-z)=(-z)+z=0

4. Difference of two complex numbers: Given any two complex numbers If z1 = a +

ib andz; = ¢ +id the difference z1 — z; is given by
z1—z22=z721+(-22)=(a-c)+i(b-d).

5. Multiplication of two complex numbers Let z: = a +ib and zc = ¢ + id be any two

complex numbers. Then, the product z: z; is defined as follows:
2122 = (ac—bd) +i(ad + bc)

6. Properties of multiplication of complex numbers: Product of two complex numbers is a
complexnumber; the product z1 z; is a complex number for all complex numbers z1 and z.

i. Product of complex numbers is commutative, i.e. for any two complex numbers
ziand ,z122=22 71
i. Product of complex numbers is associative, i.e. for any three complex numbers

21, 23, Z3,(21 Zz) 3 =171 (Zz 23).

(3)
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i. There exists a complex number 1 + i0 (denoted as 1), called the multiplicative
identitysuch that z.1 = z for every complex number z.

iv. For every non-zero complex number, z = a + ib or a + bi (a # 0, b # 0), there

is a complex number a_ P calledthe multiplicative inverse of z such that
a’+b®> a® b?

lezl
Z

v. distributive law: For any three complex numbers z1, z,, z3,
a. 71 (Zz + 23) =21.2) + 21.23

b. (z1+22) z3=71.23 + 22.23
7. Division of two complex numbers: Given any two complex numbers z1 = a + ib

Z
and z; = c +id, where z; # 0, the quotient z_l is defined by
2
z 1 _ac+bd .bc-ad
S > 1= 2 "
Z, c’+d c d

8. Identities for complex numbers
i. (z1+ 22)% = 212 + 2% + 221.2,, for all complex numbers z1 and z».

i. (z1-22)% =212 - 22122 + 252
iii. (z1+ 22)% =213+ 321222 + 3212, + 258
iv. (21— 22)% =213 - 321220 + 3212° - 753

V. Z12 - Zz2 = (21 + Zz) (Z1 - Zz)
9. Properties of modulus and conjugate of complex numbers
For any two complex numbers zi and z»,
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. |21 22| = |z1]|z2]

.|z z ,

ii. |2 = 1z | provided |zz| # 0
Z5 z |

iii. 2,7z, =2, 2,

(Y 3
i =t | _ provided z; #0
L | 2

vi. @ = F

vii. z+2z = 2Re(z)

viii. z - z = 2iIm(z)

ix. Z=2z < z is purely real

x. z+2z=0= z is purely imaginary
xi. zz =[Re(z)] +[Im(z)]

10.The order of a relation is not defined in complex numbers. Hence there is no meaning in z1 >
Z.

11.Two complex numbers z1 and z; are equal iff Re (z1) = Re (z2) and Im (z1) Im (z2).

12.The sum and product of two complex numbers are real if and only if they are conjugate of
each other.

13.For any integer k, i* =1, i**" =, i**%= -1, {*3 = -j_ Jax b = Jab when a<0 and b<0.

14.The polar form of the complex humber z = x + iy is r (cos 8 + i sinB), where r is the modulus
of z and 8 is known as the argument of z.

15. For a quadratic equation ax? + bx + ¢ = 0 with real coefficients a, b and c and a # 0. If the
discriminant D= b? = 4ac > 0, then the equation has two real roots given by

_ b+ Jb? ~ 4ac -b

or X =—.
2a 2a

X

16. Roots of the quadratic equation ax? + bx + ¢ = 0, where a, b and c e R, a # 0, when
discriminant b? - 4ac < 0, are imaginary given by

L J4ac - bi
- 2a '

17.Complex roots occur in pairs.
18.If a, b and c are rational numbers and b? - 4ac is positive and a perfect square, then

Jb? — dac
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is a rational number and hence the roots are rational and unequal.
19.If b? - 4ac = 0, then the roots of the quadratic equation are real and equal.

20.1f b? - 4ac = 0 but it is not a perfect square, then the roots of the quadratic equation are

irrational and unequal.

21.Irrational roots occur in pairs.
22.A polynomial equation of n degree has n roots. These n roots could be real or complex.
23. Complex numbers are represented in the Argand plane with X-axis being real and Y-axis

being imaginary.

]

24.Representation of complex number z = x + iy in the Argand plane.
1Y

P(x.y)
r=z|

8

25. Multiplication of a complex number by i results in rotating the vector joining the origin
to the pointrepresenting z through a right angle.

26.Argument O of the complex number z can take any value in the interval [0, 2rt). Different
orientations of z are as follows

(6)
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(0=0<2m) : Z = =
Y Y
P p Y Y
9 0 0
X' X ’ ' ;
) X 0 X X 8) X X X
0
P P
YI Y, Y' Yr
()] (iii) , (iii) (iv)
(-n<6<m)
Y . p Y Y
0 0
X' X X’ X X' X
A (0] (0) 0
P
Y ' b &

G) (ii) (iii) (iv)
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inverse of
complex
number
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Let x+iy

Quadratic
Equation

a da —-b ~b
L e
4P A HRF 4+

there exists a complex number

z
i Such that: (a+lb)(7L;+l7_—b’:l+Ol=1
: a+b" a +b

* General form of quadratic equation
in xis ax*+bx+c=0,
Where a,b,ceR & a#0
The solutions of given quadratic equation

bt a0
2a
' b~4ac<0 :
Note: *A polynomial equation has
atleast one root.
«A polynomial equation of degree
n has n roots. ;

are given by x =

Solution of

For a non-zero complex number z=a+ib(a #0,b#0),

denoted by % or z7, called multiplicative inverse of Z

Definition of
complex
Number

Let: z, = a+iband z,= c+id be two complex numbers,
whereabc,d€ Rand i=v-1

1. Addition: z, + z, =(a + ib) + (c + id) = (a+¢) + i(b+ d)

2. Subtraction: z, — z, =(a+ib) — (¢ +id) = (a—c) + (b—d)i

3. Multiplication: , - =, =(a+ib) (¢ +id)
=a(c+id)+ib(c +id)
=(ac—bd)+(ad + be)i

o))

4. Division: 7 _ a+ib _a+ib c—id

c+id c+id c—id
(A.HMJ (hr-ud]
o foets T T 3 T |l
c+d ) \E+d’

Note: If a+ib = c+id
<a=c&b=d

3 A number of the form a+ib, wherea,b eRand i= =
is called a complex number and denoted by ‘z’.
z= a+ip
l L— > Imaginary part

Real part

i Conjugate of a complex number: For a given complex number
i z=a+ib, its conjugate is defined as z=a-ib

(8)
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Important Questions

Multiple Choice questions-

Question 1. Let z: and z> be two roots of the equation z2 + az + b = 0, z being
complex. Further assume that the origin, z: and z; form an equilateral triangle. Then

(a)a?=b

(b) a2 =2b

(c)a?=3b

(d) a2 =4b

Question 2. The value of i'is

(a) 0

(b) e™

(c) 2e7/2

(d) e™?

Question 3. The value of V(-25) + 3V(-4) + 2V(-9) is
(@) 13i

(b) -13i

(c)17i

(d)-17i

So, V(-25) + 3V(-4) + 2V(-9) = 17'i

Question 4. If the cube roots of unity are 1, w and w?, then the value of (1 + w / w?)?
is

(a)1

(b) -1

(c) w

(d) w?

Question 5. If {(1 +1i)/(1 —i)}" = 1 then the least value of n is
(a)1

(b) 2

(c) 3

(d) 4

Question 6. The value of [i*° + (1/i)%)? is

(9)
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(a) -1

(b) -2
(c)-3
(d) -4

Question 7. If zand w be two complex numbers such that |z| <1, |w| <1and |z +
iw| = |z—iw| =2, then z equals {w is congugate of w}

(@)lori

(b)ior—i

(c)lor-1

(d)ior—1

Question 8. The value of {-V(-1)}*™3, n € N is

(a)i

(b) -i

(c)1

(d) -1

Question 9. Find real 8 such that (3 + 2i xsin 8)/(1 — 2i x sin 8) is real
(a)

(b) nmt

(c) nrt/2

(d) 2nmt

Question 10. If i = V(-1) then 4 + 5(-1/2 +iV3/2)3* + 3(-1/2 + iV3/2)3%° is equals to
(a) 1—-iv3

(b) -1 +iv3

(c)iv3

(d) -iv3

Very Short Questions:

Evaluate i®°
1

z=0

1. Solved the quadratic equation x? + x

N\ M
2. If (%) = 1, then find the least positive integral value of m.

3. Evaluate (1+i)*

(10)
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4,
5.
6.
7.
8.
9.

Find the modulus of = — 2=
1= 141

Express in the form of a + ib. (1+3i)*

Explain the fallacy in-1=i.i.=vV-1.v/-1 = ,/-1(-1) = V1 = 1.

Find the conjugate ofﬁ

Find the conjugate of — 3i - 5.

Letzy=2—i,2,=-2 +iFind Re (2122)

Z1

Short Questions:

1. Ifx+ iy=%Prove that x2 +y2 = 1

2. Find real O such that % is purely real.
3. Find the modulus of w

4. If |a+ib|=1then Show that 1+Z:l b+ ai

5.

. a-ib a?+b?
If x—iy = ’m Prove that (x* 4+ y2)* = c2+d?

Long Questions:

1.

2.

5.

. Convert into polar form z =

_i2
Ifz=x+iyandw=1ZTll,Showthat |lw| =1 = zis purely real.

—-16

1+4iv3

Convert into polar form

. Find two numbers such that their sum is 6 and the product is 14.

i—-1

T . . T
COS—+lSll’1§

If a and B are different complex number with |B| =1 Then find | |

Assertion Reason Questions:

1.

In each of the following questions, a statement of Assertion is given followed by
a corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Assertion (A): If i =/ —1, then i* =1, i?k*1=j j4+2= -1 and i* 3= -
.

Reason (R) : i*K + j4k+ 14 j4k+2 4 jak+3 2 1

(11)
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(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.

(iv) Assertion is false but reason is true.

. In each of the following questions, a statement of Assertion is given followed by

a corresponding statement of Reason just below it. Of the statements, mark the
correct answer as.

Assertion (A): Simplest form of i = is —i.
Reason (R) : Additive inverse of (1 -i)is equalto—1+i.

(i) Both assertion and reason are true and reason is the correct explanation of
assertion.

(ii) Both assertion and reason are true but reason is not the correct explanation
of assertion.

(iii) Assertion is true but reason is false.

(iv) Assertion is false but reason is true.

Answer Key:

MCQ

W O N U R WNRE

(c)a*=3b
(d) e™2
(c)17i
(b) -1

(d) 4

(d) -4
(cJlor-1
(a) i

(b) nm
0.(c)iv3

Very Short Answer:

1.

(12)
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1 1

\E.‘l{: +«J'r:_'_1:+1 0

2 1

'JE.T: +—~.EJ:+1: 0
,_~b:\D

2a

—J2E2-42

Zxﬁ

N RN N

22

SR NG
¥

(13)



COMPLEX NUMBERS AND QUADRATIC EQUATIONS

4,

(1+ :'_'IJ' = |_['_1+ i) T
=(1+7+2i)
=(1-1+2)’

[_2:'_'I: = 4;*

4(-1)=—4

v

1+1 1-1
letz=1-i 1+i

) [..1+:_..|: —(1- !'_'I:

(I=7)(1+7)

6.
[-1+3:..|_1: 1 X1—3:'
' ' 1+3; 1-3
o 1=-3
W -G
1-3;
T1-or
1-3; r
:m " =-1
1-3i
10
1 3;
10 10
7

1=1=J-D-D) is okay but
JEDED =141 wrong.

(14)



2+3i
(2 - (3i°

2430
T340
243

EL

13 13

9. Letz=3i-5

z=3-53

10.21 22 = (2 —i)(-2 +1)

=—4+2i+2i—i?

=—4+4i+1
=4;-3
z_1=2+:'

7z, 4-3
2 _ .

COMPLEX NUMBERS AND QUADRATIC EQUATIONS

= P
) 41

_8i—6-4i"+3

4
_;
18

=11:'—2

Ly

[ z.z. |
Re L= [=—
'-\.\_ Zl J.

Short Answer:

+

x+iy= a—__ (i) (Given)
a

| Ry ]

ib

—ig

(15)



taking conjugate both side

—ib
a+ib

(1) = (i)

(ii)

x—iy=

fa+ib (a—ib)

COMPLEX NUMBERS AND QUADRATIC EQUATIONS

EHGe—) = —— |
La—ig )

(2 —(»)* =1
xX+y?=1
[i*=-1]

2.

342 Sinf _ 3+ Siné . 1+ 27 5inf

\a+ib )

1—-2i Sinf 1-2i Siné 1+ 2 Siné

_ 3+6i Sinfl +2i Sinf —45in’6

1+45m°8
_ 3-4 S:'::-:S_l_ 8 Sind
1+4 S8 1+45in6

For purely real
Im(z)=0
&5ind
1+ 45in"d
Sind =0
=nr
3.
|(1+6)(2+5)| A1+)] 2]
| 3+1 . |3 +z'|

(V2 +17) (V3 1)
- Jor+o
(V2145
o

RN
=1
4.

(16)
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|c;r+:'E:|=1

Ja b =1

a +5 =1

1+b+agi (1+&8)+al (1+b)+ai
== - = -
1+b—ai (1+b)—ai (1+b)+ai

C(1+8) +(ai) +2(1+5)(a)

(1+5) —(ai)
_1+5*+2b—a’ +2ai +2abc
1+6° +2a—a"

(a®+5%)+b* +2b—a’ + 2ai + 2abi

(a*+5 |+ b° +2b—a’

_ 2b7+2b+2ai+2abi
2b* +2b

_ b+ b+ai+abi
b +b

_ b(b+1)+ai(b+])
EIERS

=h+ai

~ (1) Given)

Taking conjugate both side

_ a+ib ..
x+iy= —  ii)
c+id

(i) = (1)

a—ib . a+ib
c—id c+id

(x-y) * (xHy) =\/

(9 -(3) =

‘) 2 H:+b:
X+ ==
e +d”

squaring both side

. 22 at+bt
x4+ ) ==
: Lot edt

(17)
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Long Answer:

1.
1—iz
W= Z—

B 1—ix—i'y
x+i(yv-1)
_(+y)—ix
x+i(yv-1
wl=1
(1+v)—ix
x+i(y—1)
ja+a -
|J:+:'(J;—1)|

Ja+p) + (= _
o+ (=1
1+_:L': +2_:L'+.‘l.’: = +_:L': +1-2v
4v=10
y=0

LEz=Xtd

is purely real
2.
—16 ~16 1-if3

= Y
. 1+:'\E 1+:'~,."ErT l—:'\."'?_n
~16(1-i+f3
" ~(i3)
—16[1-1+f3 |
T 1+3
=—4{1-13]
z=—4+i4-f3

r= |z =J(—4):+[4J§_]:

(18)
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=16+48
_ &t

=8
Let & be the acute /S

tant}:=‘%ﬁ

T
tan & = tan —

Since Re(z)<o,andIm(z)>0

B=T—u

3 ) T‘-.

z=S. Cos £+:' Sin —— |
\ 3 3 )

Let x and y be the no.
X+y=06

xy =14

* —6x+14=0
D=-10

_—(-6)=4-20

2x1

61245
e L

=3+.5i
x=3+5 1
y=6-(3+:51]
=35 i
when x =35 i
y=6-(3-5 i
=3 ++f51

x

(19)
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Let ¢ be the acule s

3+l
2

N

7

tan o=

G
o 1 y

3 5

(20)



_ " BB-pPo-af+aa )
A-af-af+aaff)
|ﬁ| o r:rﬁ+|cf|
1= a5 r:fﬁ+|r:f| |ﬁ’| I

B l—ﬁﬁr—aﬁ+|a| -
C\1—af-ap+laf
=1

b-a
1—a3
B—a
1—a5

REE

i

=1

Assertion Reason Answer:

1. (iii) Assertion is true but reason is false.

2. (iv) Assertion is false but reason is true.

COMPLEX NUMBERS AND QUADRATIC EQUATIONS

(21)



	Some Important Results
	9. Properties of modulus and conjugate of complex numbers




